Let R = $g E G Rg be a G-graded ring. We descnoe all types of gradings on R if G is torsion free and R is Artinian semisimpIe. If R is a matrix algebra over an algebraically closed field F, then we give a description of all G-gradings on R provided that G is an abelian group. In the case of an abelian group G we also classify all finite-dimensional graded simple algebras and finite-dimensional graded division algebras over an algebraically closed field of characteristic zero.
l.INTRODUCfION
Let G be an arbitrary group and R an associative ring. A G-grading on R is a decomposition of R as an additive group into the direct sum of subgroups R = ffigEGRg such that RgRh~Rgh for any g,h E G. The grading is called finite if the number of elements g E G such that Rg =/:=0 is finite. The subgroup Rg is called the homogeneous component of degree g. The elements in R g are called homogeneous of degree g. If e is the identity element of G then Re is said to be the identity component. The grading is called trivial if R g = 0 for any e 1=g E G. An additive subgroup A of R is called graded if A = ffig E G(A n Rg). The support of a graded ring is defmed as Supp R = {g E G IRg 1=OJ.
Similarly, one can derIDe the support Supp A of any graded additive subgroup A in R.
Graded rings were studied intensively both previously and now. A special place in the theory of graded rings is occupied by the problem of describing all possible gradings on simple rings. For example, one of the well-known and actively used results in Lie Theory is the description of 7L -gradings on finite-dimensional complex Lie algebras [K] . In the paper [Sl] it was shown that all finite 7L-gradingson a simple associative algebra can be obtained from the Pierce decomposition of this algebra. In [E] the author classifies all gradings of the Cayley-Dickson algebra. Finite 7L-gradings of infinite-dimensional simple Lie algebras have been classified in [S2] . Note that in the case of rings or infmite-dimensional algebras the finiteness conditions for the gradings play an exceptional role. In some cases (see, for instance, [H] ) the most attention is payed to gradings by torsion-free groups. In a recent paper [D] the gradings on full matrix algebras were studied. In particular, all gradings by a torsion-free group were described. In the same paper the authors classify the gradings on a matrix algebra over a field by a cyclic group.
In the previous paper [ZS] all finite gradings on simple Artinian rings by a torsion-free group have been classified. In Section 2 of the present paper we give a complete description of all types of finite gradings on a semisimple Artinian ring if the graded group is torsion free.
Another important problem of the graded ring theory is the classification of all simple objects. Recall that a G-graded ring R = ffi g E G R g is called graded simple (or G-graded simple) if R2 1=0 and it has no nontrivial graded ideals. In Section 3 we prove that any G-graded simple ring with a finite G-grading is simple provided that G is an ordered group (see Theorem 3). We also classify all fmite-dimensional graded simple algebras with a torsion-free grading (Theorem 4 and Corollary 1).
In the next three sections we deal with fmite-dimensional graded algebras over an algebraically closed field F. In Section 4 we give a description of all possible G-gradings on Mn(F) for an arbitrary abelian group G (Theorems 5 and 6). Applying this result, we classify all G-graded simple finite-dimensional algebras over F if char F ==0 (see Theorem 7 in Section 5). We also characterize G-graded simple algebras of the form B @F [G] , where B is a simple algebra with a trivial G-grading.
In the fmal section we study graded division algebras. Recall that a G-graded algebra R = $ gE G Rg is called a graded division algebra if any nonzero homogeneous element from R is invertible. In Theorem 8 we describe all fmite-dimensional graded division algebras provided that the base field F is algebraically closed, char F = 0, and the group G is abelian.
FINITE TORSION-FREE GRADINGS ON SEMISIMPLE ARTINIAN RINGS
We start with the definition of gradings of a special type. First, let G be an arbitrary group and R = Mn(F) the n X n matrix ring over a field F.
We consider the nth direct power Gn = G X ... X G of the group G and show that with any element x = (gl"'" gn) E Gn one can associate a grading on the matrix ring.
First we define a grading on the subring generated by the matrix units Ejj' 1 < i, j < n. Fix x = (g1"'" gn) E Gn and let
Since EjjEkl = 0 for k =1= j, and gi-lgjgj-1gr = g;lgr, the condition (1) in fact defines a grading on R. If in addition we require that all scalar matrices belong to the component Re where e is the identity element of G (this condition holds automatically if we consider Mn(F) not as a graded ring but as a graded F-algebra), that is, 
F~Ro

G-grading. If G is a torsion-free group then R as a graded ring is isomo1]Jhic to a matrix ring Mn(D) with an elementary G-grading.
In order to describe all gradings on a semisimple Artinian ring R it is sufficient to show that any simple summand of R is graded. THEOREM 2. Let R = $ g E G R g be a semisimple Artinian ring with a finite G-groding by a torsion-free group G. Then any simple summand of R is graded.
Proof Denote by A = Re the identity component of R with respect to the G-grading. By Lemma 3 from [ZS] A is Artinian semisimple and contains the identity element E of R. Let A = AlE})... $ A n be the decomposition to the sum of simple ideals. Then E = e1 + ... +en where ej is the identity element of Aj, i = 1,..., n, and
Obviously, any Rj = ejRej is a subring of R. It is known that if R is semisimple Artinian then ejRej is also semisimple for any idempotent ej'
On the other hand, any summand ejRej in (4) is a subspace which is G-graded in R since ej, ej ERe' In particular, Ri is a G-graded semisimpIe Artinian ring, Ri = $ g E G(R)g with (R)e = Ai, In [ZS] there is Lemma 4, which says that if a simple Artinian ring is graded by a torsion-free group and the identity component of the grading is simple then the grading is trivial. In our case this means that Rj = (Ri)e = Ai, which is a simple ring. Proof. Let R be graded simple. Then any homogeneous X =1= 0 generates R as a two-sided ideal. Assume I is a proper (nongraded) ideal in R.
Take a minimal natural n such that I contains a nonzero X = Xl + ... +xn, which is the sum of n homogeneous elements Xl E Rgt'... ' Xn E Rgn' Then n > 1.
We set N = Supp R. Then e E N by Lemma 1 since R is not nilpotent. Since G is an ordered group, we can decompose N into the disjoint union N = N -U {e) U N + where N + is.the subset of all g E N with g > e and 
for some a, a', b, b' E R_. Also, one of c, d should belong to R-and one of c', d' to R -' If we substitute (7) into (6) we get an expression of the type 
Since B is a graded ideal of C and Bm + I = 0, it follows that SB is a graded nilpotent ideal of R. Hence, B = O.This means that C = Ce eRe and R = SC = Re. I
THEOREM 4. Let R = EDgEG Rg be an Artinian ringgraded by a torsionfree group G. If R is graded simple and the grading is finite then R is isomorphic as a G-graded ring to a matrix ring Mn(D) over some division ring D with an elementary grading.
Proof. First we prove that Re is an Artinian simple subring in R. This is Artinian by Lemma 3 from [ZS) . Now assume that [ is a nilpotent ideal in Re' 1m = 0, and denote by J a two-sided ideal in R generated by [. Since [~Re' J is G-graded. Now we prove that Jmn = 0 where n = lSupp RI. It is sufficient to prove that any product d =°IXIO2X2 ...°mnxmn is equal to zero where aj E Rgi, i = 1,..., mn. As in Lemma 2, we consider the products Ul = gl' U2= glg2,..., umn = glg2 ... gmn' H at least one of Uj does not belong to Supp R then, obviously,
Then b1,...,bm-1 ERe and
Since J is graded and nilpotent, it follows that J = 0, since R is graded simple. In particular, I = 0 and Re is an Artinian semisimple subring in R. In this case E1 = E1xE1 is a nonzero homogeneous element from J and J = R since any homogeneous element generates R as a two-sided ideal. But this implies the nilpotency of R. This contradiction proves that] = 0 and that R is semisimple. Now we apply Theorem 2 and the proof is complete. I
In particular, if R is a finite-dimensional algebra over a field F then any grading of R is finite and we can classify graded simple algebras, provided that G is torsion free.
be a finite-dimensional algebra over a field F graded by a torsion-free group G. Then R is graded simple if and only if it is isomorphic to Mn(D) with an elementary G-grading where D is a finite-dimensionaldivision algebraover F.
ABELIAN GRADINGS ON MATRIX ALGEBRAS
In this section we describe all gradings on [mite-dimensional simple algebras over an algebraically closed field F. In the previous section we introduced the elementary grading and proved that any grading on a matrix algebra is elementary if the graded group is torsion free. If G is a finite group then the matrix algebra Mn(F) admits a lot of elementary G-gradings. But in this case one can construct gradings of different types, as will be shown below. .
In the [mal 'part of our paper we consider only abelian gradings and we start this section with a definition of some nonelementary grading.
Let R = Mn(F) be a matrix algebra over an algebraically closed field F of characteristic zero and G = < a)n X < b)n the direct product of two cyclicgroups of order n. Assume that F contains a primitive nth root -e of 1. We set and all X:Yt, 1~i,j~n, are linearly independent.
Clearly, the elements X;Yt, i, j = 1,...,n, form a basis of R and all products of these basic elements are uniquely defined by (9).
Now for any
Then from (9) it follows that R = EDgEG Rg is a G-grading on Mn(F).
DEFINITION
The grading on Mn(F)
given by (9), (10) G~H and an algebra isomorphism cp: A~B such that cp(Ag) = Br(g) ' In this sense the e-grading and the /L-grading are isomorphic.
All homogeneous components of the grading defined above are one-dimensional. Hence it cannot be elementary because the identity component of any elementary grading has dimension of at least n.
Another way for finding new gradings is the tensor multiplication. Let G be an abelian group and S, T two subgroups in G. If A = ED s E S As, B = EDtET Bt are some S-and T-gradings on A and B, respectively, then C = A @B is a G-graded algebra with Cg = EDst~g AsBt and Supp C = ST. 
Then
XaYbX;l
a -b -L:J, SEHGAL, AND ZAICEV
In particular, one can equip C = A @ B with a G = S X T-gradingif A is S-graded and B is T-graded. Moreover, if dim As = 1, dim B, = 1 for any s E Supp A, t E Supp B, then dim Cg = 1 for any g E Supp C. Now we can show how to construct any grading on a matrix algebra with one-dimensional components. Proof First we note that Re consists of all scalar matrices where e is the identity element of G. Suppose now that g EH = Supp R and 0 =1= x ERg. If x is degenerate then any matrix axb is also degenerate and the two-sided ideal RxR has zero intersection with Re' a contradiction. Hence, any homogeneous nonzero element in R is invertible and RgRh =1= 0 for any g, h E Supp R. It follows that Rgh =1= 0 and H = Supp R is a [mite subset of G closed under the multiplication. Therefore, H is a subgroup in G of order n2.
THEOREM5. Let F be an algebraically closed field and Mn(F)
Now let H = S X T, ISI = p, ITI = q where p and q are coprime. We . We reduce our proof to the case where n = pm, with p a prime. where c is a primitive nI th root of 1 in F.
We set A = (9g~H.tXHZ Rg. Then A is a subalgebra of R of dimension ni with the basis x'yJ, i, j = 1,..., nl. Comparing (9) and (11) we see that A is isomorphic as an HI X Hz-graded algebra to Mnt(F), with c-grading. Now we consider the centralizer C of A in R. Since G is an abelian group, C is a graded subalgebra in R, C = EBg E G Cg. We will use a known result from ring theory. The proof of this statement for rings R and A can be found in [S, Lemma 3.11] It follows from Lemma 3 that R = A C =A @ C. Besides, C is a simple algebra, dim Cg ::;;1, and T () S = {e} where T = SuppC, S = SuppA.
Hence, SuppR = H = S X T and R as an S X T-graded algebra is isomorphic to the tensor product of an S-graded simple algebra A times another T-graded simple algebra C.
Since dim C < dim R we complete our proof by induction over the dimension of a simple algebra.
I
We call a G-grading R = (9gE G Rg "fine" if dim Rg < 1 for any g E G. The previous theorem gives us all "fine" gradings on Mn(F). In fact, any abelian grading on Mn(F) can be constructed from the "fine" and elementary gradings in the following way. 
.' gq) E Gq such that Mn(F) is isomorphic to Mt(F) @ MiF) as a G-graded algebra where Mt(F) is an H-graded algebra with a "fine" H-gradinK and M/F) has an elementary grading defined by (gl'...' gq).
Proof We set A = Re. Then by Lemma 3 from [ZS] A is semisimple and contains the identity element E of R. Let A = A(l) (9 ... EB A(k) be the decomposition of A into the sum of simple summands. If ei is the identity element of A(j) then R(j) = ejRej is a graded simple subalgebra of
R with R~) = A(i). By Lemma 3, R(j) = A(i)C(i) = A(i) @ C(i) where C(i) is the centralizer of A(j) in R(i) C(i) is sim p le and G-g raded and C(i) = C(i)
, , e () A(i) is a one-dimensional linear space. We need the following remark.
LEMMA4. Let C = Mk(F) be a k X k matrixalgebraover afield F with a G-grading C = $geG Cg. If dim Ce = 1 then this G-grading is "fine" and any nonzero homogeneous element in C is invertible.
Proot As before, the identity matrix of C belongs to Ce ( [ZS, Lemma 3] ), hence Ce is the set of scalar matrices. Let x E Cg be nonzero and det x = O. Then det(axb) = 0 for any homogeneous a, b E C. In particular, if axb E Ce then axb = O.It follows that x generates a proper ideal in C, a contradiction. Hence, any homogeneous 0 =1= x E Cg is invertible and X-I E Cg-l, i.e., Cg-l =1= O.Now, if 0 =1= a E Cg-l and 0 =1= x, Y E Cg then a(ax + {3y) = 0 for some 0 =1= a, {3E F since Ce is of dimension one.
Therefore x and y are proportional and dim Cg = 1. I
As our next step, we prove that all C(1),""", C(k) are isomorphic as G-graded algebras. First we note that the dimension of any graded nontrivial left (right) C(i)-submodule M in E is at least dim C(i) since for any homogeneous U EM the elements XgU, 0 =1= Xg E Cg, are linearly independent for distinct g. Indeed, if XgU = 0 for some g E G then XhU = 0 for any h E G since Xg is invertible by Lemma 4 and Supp C is a subgroup in G by Theorem 5. On the other hand, XgU belong to distinct homogeneous components for distinct g E G. Similarly, rank ebfJ = qj if ej = EfJ ebw Now Q = {es 11 < s < k, s =1= i,j} U {e~a 11 < a < q;} U {ebp 11 < {3~qj} is a system of orthogonal idempotents in R. The sum of all elements from Q is equal to E. It follows that dim aRb = (rank a) (rank b) for any a, b E Q. In particular, d .
M = e.Re. is a C(iLC(j)-bimodule and C(i)MC(j) =1=
i R j1m eaa epp -qiqj fo~any .1~a~qi' 1~{3~%" O.bviousl~, any Tap = e~aRe~p is a graded C(ILC(Jtbimodule.
Besides, C(I)TapC(J) =1= 0 for some a, {3 since
C(i)MC(j) =1= 0 and M = E T a,p aP'
Now,. if X. is a nonzero homogeneous element from TaP' X ERg, and T = C(I)XC(J) =1= 0, then dim T~qiqj' On the other hand, dim T~qf, qJ, as was mentioned above. It follows that qi = qj and
T = C(i)X = XC(j).
(12)
In particular, Supp T = gl!i =~. Hence Hi = .Hj' On the other hand; for any homogeneous a E C~') there exists b E C(J) such that aX=Xb.
As follows from (12), this b is homogeneous, b E CfP, and is uniquely deified. It is easy to check that the relation (13) defines an isomorphism 'P: C(i)~C(j) of G-graded algebras.
We have proved that Ht = ... = Hk and all C(1),..., C(k) are isomorphic as Hcgraded algebras. Denote by 'Pi' i = 2, . . . , k, these isomorphisms 'Pi: c(l)~C(i) and consider a subalgebra C in R of the type
Then C is a simple graded sub algebra of Rand E E C. As before, by
Lemma 3 R = CB~C @ B where B is the centralizer of C in R, B is simple and G-graded, and Be = A = A(1) EI1 ... EI1A(k).
To complete the proof of the theorem it is sufficient to verify that B is an algebra with an elementary grading. We set B(i) = ejBei and consider an arbitrary b E B. Then eibei commutes with C if and only if it commutes with 'Pi(C(1» = C(i). On the other hand, if y E R(i) commutes with C(i) then y = eiyei and y E B. It follows that B(i) coincides with the centralizer of C(i) in R(i), which is equal to A(i) by the Double Centralized
Theorem (see [J, Chap. 5, Section 11, Theorem 19]), and we get an equality
B(i) = A(i).
We have obtained that etBet EI1... EI1 ekBek is the identity component of B with respect to our G-grading, el + ... +ek = E, and et,.. ., ek are the orthogonal idempotents. Since B is a matrix algebra MiF), all its matrix units Eii, i = 1,..., q, belong to etBet EI1'" EI1 ekBek' that is, to the identity component. Now by Lemma 1 from [ZS] the grading on B is elementary and the proof of the theorem is complete. I
GRADED SIMPLE ALGEBRAS WITH ABELIAN GRADING
In this section we consider imite-dimensional algebras over an algebraically closed field F of characteristic zero. Applying the results of the previous sections we classify all graded simple algebras.
First recall the duality between the gradings and the automorphism actions on algebras (see, for example, [MD. Let R be an algebra graded by an abelian group G. If G is a imite cyclic group, G = (g >nthen and a linear transformation q>:R~R such that q>(x) = Ak(x) for any x E Rgk where A is~primitive nth root of 1 is an automorphism of R of order n. The group G generated by q> is isomorphic to G and any subspace
A c R is G-graded if and only if G(A)~A.
For any G-graded algebra R = EagEGRg and for any normal subgroup N in G one can construct a GIN-grading on R by setting Rt = EDg E t Rg for any coset t = xN. Hence, if G is the direct product G = HI X ... X Hk of finite cyclic groups then any factor Hi is the homomorphic image of G and we can induce an Hi-grading on R starting from the G-grading for anr i = 1,. . . , k. Considering all these gradings we can construct a subgroup G acting on R by automorphisms such that a subspace A is G-graded if and only if G(A) cA. In fact, G is the group of all irreducible characters on G and X * ag = x(g)ag for any homogeneous ag ERg.
If G is an infinite cyclic group, G = (g), then one can also defme some automorphism on R = Eag E G Rg in a similar way. Namely, if we fIX some element A of infinite order from multiplicative group F* then cp: R~R, q>(agn)= Anag' ag ERg, is also an automorphism on R. Besides, all eigenvalues of q> on R form a torsion-free cyclic subgroup in F*. In this case the action of the group Ggenerated by q> and its action on R depend on the choice of A. In any case, for any finitely generated abelian group G we can construct a subgroup G c Aut R such that all graded subspaces are invariant under the action of G, and the converse. In particular, any characteristic ideal of R is G-graded and we immediately get the followmg. Proof. Obviously, H = Supp R is fmite and generates in G a fmitely generated subgroup T. Hence, by the previous remark the Jacobson radical
cpET is a graded ideal in R and C = Bl ED... Ea Bn with Bi =B for any i = 1,..., n. Since R is graded simple, we get R = C = BI ED ... ED Bn' and the proof is complete.
I .
Clearly, we can restrict ourselves, for convenience, solely to the case where G is generated by Supp R. Then G is the direct product of a finite abelian group T and a free abelian group S of a finite rank, G = T X S.
First we note that the problem of describing all graded simple algebras can be reduced to the case of a tmite group. 
PROPOSITION1. Let R = EB g E G
I
Now we describe all G-graded simple algebras for the finite abelian group G. Recall that in this case a q-graded algebra~= EDgE G Rg is a left module over the group ring F[ G] of the group G of all irreducible characters on G and any X E G acts on R by an automorphism. Recall also that any G-graded algebra R = EDgEGRg has a canonical GjH-grading where H is a subgroup of G and Rt = EDgE t R g for any coset t = aG E Gj H.
THEOREM7. Let G be a finite abelian group and R = (l)geG Rg a finite-dimensional G-graded algebra over an algebraically closed field of characteristic zero. If R is a G-graded simple then (1) R is semisimple with isomorphic simple components; (2) there exists a subgroup H~G and a simple ideal B c R such that B is G jH-graded; (3) as a G-graded algebra, R is isomorphic to the left F[ G]-module A = F[G]~(AJ B with the multiplication
where A is a subgroup of Gof all automorphisms j.t E Gsuch that j.t(B)~B; moreover, H = {g E G IA(g) = 1 for all A E A}.
Note that any algebra R satisfying (1)- (3) is graded simple, as will be shown in the proof. First we should check that A is a G-graded algebra. Let us verify that the multiplication given by (14) on A is well-defined.
Let a, /3 E A. Then xa 0 b = X 0 a * band t/1/3°c = t/1@ /3 * c. If t/1X-l ft A then (t/1/3Xxa)-l ft A and
On the other hand,
Both products have the same value, and the multiplication is well defined. We will not dwell on proving that A is associative since later we will construct an isomorphism A~R.
Let us verify now that A is G-graded, Le., G acts on A by automor- 
Finally, we should check that f is an isomorphism of G-graded algebras. This follows from the relation
We have proved that A and R are isomorphic as G-graded algebras. Now we denote by H a subset
Obviously,H is a subgroup in G since any A is a homomorphism G~F*.
By the defInition of a G IH-grading any graded subspace has the form Rt = EDgEtRg where t = aH is a coset of Hand u E R t if and only if T * U = T(aH)u
In other words, we have a canonical isomorphism A~(G IH) compatible with G-and GIN-actions on R. This means that any A-invariant subspace in R is GIn-graded. In particular, B is G In-graded, and the proof of Theorem 7 is complete.
I
The structure of graded simple algebras in the previous theorem looks nicer if G is a split extension of H.
COROLLARY2. Let R = $g E G Rg be a finite-dimensional graded simple algebra and G, H be as in Theorem 7. If G = T X H for some subgroup T then R =: B @ F[H] as a G-graded algebra where B is a simple algebra with T-grading and F[H] is a group algebra of H with the canonical H-grading.
Proof. Since G = T X Ii for G = T X H and a subgroup A c G from Theorem 7 can be defined as A = (A E G I A(h) = 1 Vh E H}, F[G] [f] B is isomorphic to F [H] ~B as an F[G]-module. Then from Theorem 7 it follows that R as a G = B X T-graded algebra is isomorphic to a tensor product of an H-graded algebra C and a T-graded algebra B, 
To complete the proof of the corollary it is sufficient to show that C is isomorphic to .11
'-11 '-1 1 .
1
A direct calculation shows that f is an isomorphism of algebras and that it commutes with the action of F [H] . Hence, f is an isomorphism of H-graded algebras. I
Remark. The subgroup H~G in the previous theorem can also be derIDed as a minimal subgroup of G such that some minimal two-sided (nongraded) ideal of R is G / H-graded.
This remark gives us some characterization of the simplest G-graded algebras, that is, the algebras of the type B 0 F [ G] where B is a simple algebra with the trivial G-grading. On the other hand, any nongraded minimal ideal in R = B @ F [G] Proof First let R be a graded division algebra and N = Supp R. Then RgRh =1= 0 for any g, hEN since the product of two invertible elements cannot be zero. Hence, Rgh =1= 0 and gh EN. Obviously, N is finite, therefore it is a subgroup of G.
Consider the identity component Re' Clearly, Re is an ordinary division algebra over F. Since F is algebraically closed, Re = F.
Now let x, y E Rg be two nonzero elements. As was proven above, N is a subgroup and we can fmd 0 =1= a ERg-I. Then ax, ay ERe and a(ax + f3y) = 0 for some nonzero a, f3 E F. It follows that ax + f3y = 0 and dimRg = 1. Now let N be a subgroup and dim R g = 1 for all gEN. Since R is semisimple, it contains the identity element E which belongs to Re by Lemma 3 from [ZS] . Therefore R e consists of scalars. Let us show that RgRg-l =1= 0 for any gEN.
Assume g, g-l EN and RgRg-l = O.As in the proof of Theorem 3, we denote by I a two-sided ideal generated by Rg in R and consider its nth power for n~INI. Any element from In is a linear combination of the products It follows that In = 0, i.e., I is a nilpotent nontrivial ideal of R, a contradiction. Hence RgRg-l cannot be zero. But dim Rg = dim Rg-l = 1 and Re consists of scalars. Hence, any nonzero element X ERg is invertible and the proof of the proposition is complete. I THEOREM 8. - moreover, H = (g E G I A(g) = 1 VA E A}.
If R is simple then it is a graded division algebra if and only if R is a matrix
algebra with a "fine" grading.
Proof. First note that our statement for a simple algebra R immediately follows from Proposition 2. Now let the conditions (1)-(4) hold. Then R as a nongraded algebra is equal to . It follows that all homogeneous nonzero elements are invertible and R is a graded division algebra. Now let R be a graded division algebra. Then, clearly, R is G-graded -simple and we can apply Theorem 7. In order to prove that B is a BAlITURIN, SEHGAL, AND ZAICEV G jH-graded division algebra we consider a coset fe, Xl"'" Xi) for A in G as in the previous part of the proof. Then R = B (D XI(B) (D . .. (D Xk(B) . 
with Uo =1= O. But all b, Xl(b), . . . , Xk(b) belong to distinct simple summands of R and c is invertible only if b is invertible. This proves that B is a G jH-graded division algebra. Finally, (1) follows from Proposition 2, and the proof of the theorem is complete. I
